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Abstract
The extraordinary activity at Enceladus’ warm south pole indicates the presence of an internal
global or local reservoir of liquid water beneath the surface. While Tyler (2009, 2011) has
suggested that the geological activity and the large heat flow of Enceladus could result from
tidal heating triggered by a large obliquity of at least 0.05◦ − 0.1◦, theoretical models of the
Cassini state predict the obliquity to be two to three orders of magnitude smaller for an entirely
solid and rigid Enceladus. We investigate the influence of an internal subsurface ocean and of
tidal deformations of the solid layers on the obliquity of Enceladus. Our Cassini state model
takes into account the external torque exerted by Saturn on each layer of the satellite and the
internal gravitational and pressure torques induced by the presence of the liquid layer. As a
new feature, our model also includes additional torques that arise because of the periodic tides
experienced by the satellite. We find that the upper limit for the obliquity of a solid Enceladus is
4.5×10−4 degrees and is negligibly affected by elastic deformations. The presence of an internal
ocean decreases this upper limit by 13.1%, elasticity attenuating this decrease by only 0.5%. For
larger satellites, such as Titan, elastic effects could be more significant because of their larger
tidal deformations. As a consequence, it appears that it is easier to reconcile the theoretical
estimates of Titan’s obliquity with the measured obliquity than reported in previous studies
wherein the solid layers or the entire satellite were assumed to be rigid. Since the obliquity of
Enceladus cannot reach Tyler’s requirement, obliquity tides are unlikely to be the source of the
large heat flow of Enceladus. More likely, the geological activity at Enceladus’ south pole results
from eccentricity tides. Even in the most favorable case, the upper limit for the obliquity of
Enceladus corresponds to about two meters at most at the surface of Enceladus. This is well
below the resolution of Cassini images. Control point calculations cannot be used to detect the
obliquity of Enceladus, let alone to constrain its interior from an obliquity measurement.
3
1 Introduction
Enceladus is a small (504 km in diameter) and very bright (visual geometric albedo of 1.4)
satellite of Saturn which presents extraordinary activity at its south pole, more precisely at
the location of the long fractures known as the “tiger stripes”. Plumes of water vapor and ice
particles rising up to more than 200 km above the surface have been observed from the images
taken by the Cassini spacecraft (Porco et al., 2006; Spencer et al., 2009). These observations,
complemented by thermal measurements indicating an anomalously warm south pole region
(Spencer et al., 2006), have been interpreted as possible evidence of a liquid water reservoir
beneath the surface (Porco et al., 2006). Moreover, this liquid reservoir has been in prolonged
contact with an underlying rocky core, as suggested by the observation of salty ejected ice
grains in the plume (Postberg et al., 2011). The nature of the reservoir (global ocean or local
reservoir) is still debated. According to Iess et al. (2014), gravity, topography, and heat flux
measurements are in favor of a local reservoir, although the gravity measurements cannot rule
out a global ocean. Thermal models are in general not consistent with the global ocean case
(e.g. Tobie et al., 2008 and Roberts and Nimmo 2008). However, McKinnon (2015), revising the
analysis of Iess et al. (2014) by taking into account the rapid rotation of the moon, concludes
that the gravity and topography data actually imply a global ocean. Patthoff and Kattenhorn
(2011) have interpreted the fracture patterns in the south pole region as the result of long-term
(timescales of tens of thousands to millions of years) nonsynchronous rotation of a floating ice
shell above a global liquid ocean. Measurements of rotation features that are observable over
shorter time scales (e.g. the duration of a space mission) may help to discriminate between
the global and local hypotheses, since a global ocean may indeed decouple the surface from the
interior and lead to a different rotation state.
Using images of surface control points, Porco et al. (2006) detected no librations (variations
in the rotation rate) which, given the uncertainties in the solution, imply an upper limit for
the libration amplitude of 1.5◦ (6.6 km at the surface). Giese (2011) claimed the detection of
0.056◦ diurnal librations after a fit of control points measurements to the libration model of
Rambaux (2010) for a solid Enceladus. In contrast to Giese, Thomas et al. (2016), using a
similar approach, have found an amplitude for the forced diurnal libration of 0.12◦ (523 m), too
large to be consistent with a solid Enceladus, thereby suggesting the presence of a decoupling
internal global ocean.
Another component of the rotation is the spin precession, characterized by the obliquity
which is the angle from the orbit plane normal to the spin axis. For a synchronous triaxial
satellite, it is often assumed that the obliquity is that of the Cassini state (an equilibrium
rotation state where the precession of the spin axis follows the precession of the orbit axis).
When the orbital precession is uniform and the satellite is solid and rigid, the obliquity ε of the
Cassini state is constant and given, at first order in the small angles ε and i, by (e.g. Noyelles
2010, Appendix B)
ε = − 2iCΩ˙
3MeR2(−C20 + 2C22)n+ 2CΩ˙
, (1)
where Ω˙ is the constant orbital precession rate, i is the orbital inclination (constant if the
precession is uniform), n is the mean motion, Me and R are the mass and the mean radius, C20
and C22 are the second-degree gravity field coefficients, and C is the polar moment of inertia.
From control points calculations using Cassini’s images, Giese (2014) claimed that the obliq-
uity of Enceladus is limited to less than 0.05◦ at the 2σ level. However, he has assumed the spin
axis to be fixed in space during the observation period 2005-2012, instead of being in the Cassini
state, even though the orbital precession period is 2.4 years. This is unlikely since the system
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is expected to be damped and without recent punctual excitation. The assumption of Giese
leads to determine the mean orientation of the orbit pole (which is the Laplace pole) instead of
the spin pole orientation, and its obliquity estimate is in fact an estimate of the mean orbital
inclination (which is 0.008◦, actually smaller than the upper limit of 0.05◦).
A theoretical published model for a solid and rigid Enceladus in the Cassini state demon-
strated a two to three order of magnitude smaller upper limit of 0.0015◦ (Chen and Nimmo,
2011). The solution of Chen and Nimmo (2011) is equivalent to the solution given in Eq. (1),
with the difference that their estimate of the obliquity has been performed using reasonable es-
timates of C20 and C22, both of which were still undetermined at the time. From the measured
gravity coefficients C20 = −5435.2 × 10−6 and C22 = 1549.8 × 10−6 and the estimate of the
normalized mean moment of inertia I/MeR
2 = 0.335 of Iess et al. (2014) taken as a first order
approximation for the normalized polar moment of inertia C/MeR
2, and from the mean preces-
sion rate Ω˙ = −2.65761 rad/yr and mean inclination i = 0.00819◦ derived from JPL/SAT375
ephemeris1, the rigid solid uniform obliquity ε is 0.00036◦, which is about four times smaller
than Chen and Nimmo’s estimate.
In this paper, we propose a new theoretical model for the Cassini state, taking into account
that Enceladus experiences a nonuniform orbital precession (see Bills, 2005 for an application
to the Galilean satellites), may harbor an internal global ocean (see Baland et al., 2011, for the
first application of such a model to Titan), and experiences periodic elastic deformations. To
our knowledge, a theoretical model for the spin precession of a synchronous satellite under the
influence of periodic tides does not exist yet, contrary to the case of the librations (Van Hoolst
et al., 2013; Richard et al., 2014; Jara-Orue´ and Vermeersen, 2014). With this new model, we
will assess the possibility of a resonant amplification of the solution (due to the non uniformity
of the orbital precession and/or the presence of the internal global ocean and/or the elastic
deformations of the solid layers). Such a resonance may lead to a high value of the obliquity,
as already demonstrated theoretically for Titan and the Galilean satellites (Baland et al., 2011,
2012).
Obliquity tides are often proposed as a possible cause for the geological activity of icy satel-
lites. The need for a new Cassini state model comes mainly from the hypothesis made by Tyler
(2009, 2011) that the jets of Enceladus could be associated with a strong heat flux resulting
from tidal heating triggered by a high obliquity and the associated large scale flow in the ocean.
According to Tyler, to account for the observed flux, the obliquity of Enceladus must have a
minimal value of 0.05◦ − 0.1◦. Similarly, Nimmo and Spencer (2015) argue that Triton likely
harbors an internal subsurface ocean and that the resurfacing of the satellite is due to convec-
tion driven by obliquity tides in the outer ice shell. Rhoden et al. (2015) linked the plume
activity recently detected at Europa’s south pole to the stress variations induced by obliquity
tides in an outer thin elastic ice shell mechanically decoupled from the interior by a subsurface
ocean. In addition, the new Cassini state model could benefit the study of the rotation of other
synchronous satellites such as Titan or Ganymede. Titan’s obliquity has been measured (Stiles
et al., 2008, 2010) and the tidal deformations may change the interpretation in terms of internal
structure done in Baland et al. (2014). The determination of the rotation state of Ganymede is
one of the goals of the future JUICE mission (Grasset et al., 2013), and an accurate model for
the obliquity will be needed to interpret future measurements.
The plan of the paper is as follows. In section 2, we extend the solid Cassini state model to
the case of an elastic satellite with periodic tidal deformations. We compare our solution with
the solution derived by Chen and Nimmo (2011) using a theoretical model for a solid and rigid
satellite, which is equivalent to the solution given by Eq. (1). In section 3, we consider the case
where Enceladus harbors a global internal ocean, and where gravitational and pressure torques
1http://naif.jpl.nasa.gov/pub/naif/generic_kernels/spk/satellites/sat375.cmt
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arise between the solid layers. We compare the cases with and without elastic deformations to
each other and to the respective entirely solid cases. In section 4, we determine a new theoretical
estimate of the upper limit for Enceladus obliquity, and compare it to Tyler’s requirement. We
also discuss the influence on the results of deviations of Enceladus’ shape from the hydrostatic
equilibrium and the implications of elasticity for the obliquity of other satellites such as Titan.
We present concluding remarks in section 5.
2 The Cassini state for an entirely solid Enceladus
2.1 Angular momentum equation
2.1.1 Rigid case
We first consider that Enceladus is entirely solid and rigid. The spin precession can be considered
as a long-term behavior, compared to the orbital revolution. The angular momentum equation
governing the spin precession, averaged over the short orbital/diurnal period, correct up to the
first order in obliquity, eccentricity, and orbital inclination, is given by (Bills, 2005, corrected
for a sign error in Baland et al., 2011)
nC
dsˆ
dt
= nκ(sˆ ∧ nˆ), (2)
κ =
3
2
MeR
2(−C20 + 2C22)n = 3
2
(C −A)n, (3)
where sˆ = (sx, sy, sz ' 1) and nˆ = (nx, ny, nz ' 1) are the unit vectors along the spin axis
and the normal to the orbit, expressed in Cartesian coordinates (x, y) of an inertial plane and
z along the normal to it. The inertial plane is taken here as the Laplace plane, which is the
mean orbital plane of Enceladus. A is the smallest principal moment of inertia. The left-hand
member of Eq. (2) is the variation of the angular momentum ~L = nCsˆ while the right-hand
member is the gravitational torque (averaged over the orbital period) exerted by Saturn. The
strength of the coupling, κ, depends on the moment of inertia difference (C −A).
Enceladus is not in hydrostatic equilibrium, so this moment of inertia difference can be
written as the sum of an hydrostatic part and of a non-hydrostatic one:
(C −A) = (C −A)HE + (C −A)NHE . (4)
The hydrostatic part results from the static deformations of Enceladus under the influence of
its own centrifugal potential and of the tidal potential raised by Saturn, and can be written as
(C −A)HE = (C −A)c + (C −A)t = 1
3
kf (qr − qt)MeR2, (5)
with kf the fluid Love number, qr = n
2R3/GMe the ratio of the centrifugal acceleration to the
gravitational acceleration and qt = −3GMpGMe
(
R
a
)3
the tidal parameter. Mp is the mass of the
planet Saturn, G is the universal gravitational constant, a is the semi-major axis of Enceladus.
Note that due to Kepler’s third law GMp = n
2a3 and hence qt = −3qr.
2.1.2 Elastic case
In the elastic case, the periodic tidal bulge presents a component due to the obliquity tide and
that depends on the difference between the spin and orbital precessions. The other components
of the periodic tidal bulge are the radial and librational tides, which play no role here, because
the effect of the first is of second order and the effect of the latter vanishes when the angular
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momentum equations are averaged over the short diurnal period (see Appendix A). An effect
of the periodic obliquity bulge is to decrease the torque exerted by Saturn by decreasing the
hydrostatic part of the moment of inertia difference due to the tidal potential by a factor
kf−k2
kf
,
with k2 the tidal Love number of Enceladus. The total effective moments of inertia difference
is:
(C −A)eff = (C −A)NHE + 1
3
kf
[
qr − qt
(
kf − k2
kf
)]
MeR
2, (6)
= (C −A)− k2MeR2qr. (7)
The obliquity bulge also affects the angular momentum which is now expressed as (see Appendix
A):
~L = nC˜sˆ− n(C˜ − C)nˆ, (8)
C˜ = C − 1
2
k2MeR
2qr. (9)
By introducing the effects of the periodic obliquity bulge on the angular momentum and
torque, the angular momentum equation can be written as
n C˜
dsˆ
dt
= nκel(sˆ ∧ nˆ) + n(C˜ − C)dnˆ
dt
, (10)
κel =
3
2
n(C −A)eff = 3
2
n
{
(C −A)− k2MeR2qr
}
, (11)
where κel is the coupling strength for the case of a solid and elastic moon. For a k2 equal to
kf (fictive case of an entirely fluid satellite), the torque would not vanish contrary to the case
of elastic librations (Van Hoolst et al., 2013), because the difference (C − A) has a part due to
the response to the centrifugal potential, while the difference between the equatorial moments
of inertia, (B −A), governing the librations in longitude, is only due to the tidal potential.
The relative effect of elasticity on the angular momentum is two orders of magnitude lower
than its relative effect on the torque, since the polar moment of inertia C is two orders of
magnitude larger than the moments of inertia difference (C − A), while the substracted factor
(∝ k2MeR2qr) is of the same order (see Eqs. (9) and (11)).
2.2 Free mode
We first average the orbital precession, in order to get the free mode of the angular momentum
equation (free precession). We set nˆ equal to (0, 0, 1) in Eqs. (2) or (10) and we obtain a solution
of the form
sˆf = (Υf cos(ωf t+ φf ),Υf sin(ωf t+ φf ), 1), (12)
where ωf is the free precession frequency. A free precession can be triggered by unusual events
(e.g. impact) and the amplitude Υf and phase φf would depend on initial conditions. However,
dissipation processes due to tides damp the free precession and the amplitude Υf can be assumed
to be zero. The free frequency is still of interest, though, since it is involved in the forced solution
(see next section).
In the rigid case, ωf depends only on the distribution of mass inside Enceladus and is given
by the ratio of the external coupling strength over the polar moment of inertia, which represents
the resistance to the forcing,
ωf =
κ
C
=
3
2
n
(C −A)
C
(13)
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In the elastic case, the free frequency ωelf is given by
ωelf =
κel
C˜
=
3
2
n
(C −A)− k2MeR2qr
C − 12k2MeR2qr
. (14)
By decreasing the coupling strength κel with respect to its rigid counterpart κ, elasticity also
decreases the free frequency ωelf with respect to ωf . The small decrease of C˜ with respect to C
is not expected to have a noticeable influence on κel.
2.3 Forced solution for a uniform orbital precession
When the orbital precession rate with respect to the Laplace plane Ω˙ is constant, the orbital
precession is uniform and the spin axis precesses at the same constant rate and remains coplanar
with the normal to the orbit and the normal to the Laplace plane, while the obliquity is a constant
angle (see e.g. Henrard, 2005). Therefore, the unit vectors nˆ and sˆ can be written, at first order
in the small angles i and ε, as (see Bills, 2005 and Baland et al., 2011)
nˆ = (i cos(Ω− pi/2), i sin(Ω− pi/2), 1), (15)
sˆ = ((i+ ε) cos(Ω− pi/2), (i+ ε) sin(Ω− pi/2), 1), (16)
with Ω and i the node longitude and inclination of the orbit with respect to the Laplace plane,
respectively (see Fig. 11, where, as a result of the coplanarity, the node longitude of the spin
axis ψ is equal to Ω).
The expression of ε (see Eq. (1)), the constant obliquity of a solid and rigid satellite, is
found by introducing Eqs. (15)-(16) in the angular momentum equation (2). In terms of the
free mode frequency ωf (Eq. (13)), ε can be written as
ε = − iΩ˙
ωf + Ω˙
. (17)
The constant obliquity of a solid and elastic satellite, εel, is obtained by introducing Eqs.
(15)-(16) in Eq. (10). In terms of the free mode frequency ωelf , εel can be written similarly as
its rigid counterpart (17), but with a multiplying factor C/C˜:
εel = −C
C˜
iΩ˙
ωelf + Ω˙
. (18)
2.4 Forced solution for a nonuniform orbital precession
2.4.1 Rigid case
When the orbital precession rate Ω˙ is not constant, the spin axis, the normal to the orbit,
and the normal to the Laplace plane are not coplanar while the orbital inclination and the
obliquity vary with time. The case of the spin precession of a solid and rigid satellite due to a
nonuniform orbital precession has been explicitly described in Bills (2005). By expressing the
orbital precession as a series of surperimposed uniform orbital precessions, he showed that the
coplanarity is restored on a mode-by-mode basis.
First, the vectorial equation (2) is projected on the Laplace plane,
dS
dt
= I
κ
C
(N − S), (19)
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with S = sx + Isy and N = nx + Iny, I =
√−1. This expression is correct up to the first order
in the small time-varying obliquity ε(t) and orbital inclination i(t) that are given by
i(t) ' ‖N‖ and ε(t) ' ‖S −N‖, (20)
since (sx, sy) ' ((i(t) + ε(t)) cos(Ω−pi/2), (i(t) + ε(t)) sin(Ω−pi/2)) and (nx, ny) ' (i(t) cos(Ω−
pi/2), i(t) sin(Ω− pi/2)).
Then, the orbital precession is written as a series expansion
N =
∑
j
ij e
I(Ω˙jt+γj−pi/2), (21)
with ij the inclination amplitudes associated with the orbital node precession frequencies Ω˙j
and the phases γj .
Finally, the forced spin precession, which is the forced solution of Eq. (19), is also written
as a series expansion where the precession rates and phases are the same as in N , as a result of
the mode-by-mode coplanarity:
S =
∑
j
(ij + εj) e
I(Ω˙jt+γj−pi/2), (22)
where, correct up to the first order in εj and ij , the obliquity amplitudes εj associated with the
frequencies Ω˙j are given by
εj = − ijΩ˙j
ωf + Ω˙j
. (23)
2.4.2 Elastic case
In the elastic case, the vectorial equation (10) projected on the Laplace plane reads
dS
dt
= I
κel
C˜
(N − S) + C˜ − C
C˜
dN
dt
. (24)
With a solution of the form
S =
∑
j
(ij + ε
el
j ) e
I(Ω˙jt+γj−pi/2), (25)
the obliquity amplitudes of the elastic satellite εelj are given by
εelj = −
C
C˜
ijΩ˙j
(ωelf + Ω˙j)
. (26)
The actual time-varying obliquity of the elastic body εel(t) is defined similarly as in Eq. (20).
2.5 Results
As mentioned in the introduction, using the measured gravity coefficients C20 = −5435.2×10−6
and C22 = 1549.8× 10−6 and the estimate of C/MeR2 ' I/MeR2 = 0.335 of Iess et al. (2014),
the uniform solution has a constant obliquity of 0.00036◦ in the rigid case. In the nonuniform
rigid case, Chen and Nimmo (2011) concluded that the time-varying obliquity would vary by
20% with respect to its small mean value. They used a secular variation model that includes the
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j ij Ω˙j Tj γj εj εj
(deg) (rad/year) (years) (deg) (10−4deg) (m)
1 0.00819 −2.6576 −2.364 98.5 3.547 1.561
2 0.00420 −1.2612 −4.982 15.3 0.844 0.371
3 0.00017 0.4268 14.721 272.7 −0.011 −0.005
4 0.00013 −6.3715 −0.986 108.5 0.144 0.063
5 0.00010 −0.1754 −35.813 103. 0.003 0.001
Table 1: Columns 2 to 5: amplitudes, frequencies, periods, and phases of the orbital precession
of Enceladus with respect to the Laplace plane of Enceladus and with respect to J2000, based
on the quasi-periodic decomposition of the JPL/SAT375 ephemeris over the interval 1900-2100.
The secular trend due to the orbital precession of Saturn has been removed. The Laplace plane
has a node (which defines the x-axis) of 244.5◦ and an inclination of 0.00107◦ with respect to
the equatorial plane of Saturn at J2000. The obliquity amplitudes of the Cassini state of a solid
and rigid Enceladus (εj) are given in the last two columns, in degrees and meters on the surface.
-60 -40 -20 0 20 40 60-60
-40
-20
0
20
40
60
x (m)
y
(m)
Figure 1: Projection of the normal to the orbit N (multiplied by Enceladus’ radius R) on the
Laplace plane over 30 years (∼= 13 times the main orbital precession period), beginning on J2000.
The amplitude of the orbital precession (i.e. the inclination) corresponds to about 60 m at the
level of Enceladus’ surface, at best. The orbital precession is essentially a superposition of the
first and second terms of the series of Tab (1).
perturbations from the other satellites of Saturn to generate a series for the orbital precession.
They also used reasonable estimates of the gravity field coefficients, not measured at that time.
Here, we examine their conclusion, using the measured gravity field of Iess et al. (2014) and a
different approach for the modeling of the orbital precession.
We perform a quasi-periodic decomposition of the form (21), using the TRIP software
(Gastineau and Laskar, 2011), of the JPL/SAT375 ephemeris for the orbit normal motion of
Enceladus (see Table 1). This ephemeris is based on actual measurements, so our series expansion
may differ from a theoretical secular model. Besides the main precession (j = 1) characterized
by a period of 2.36 years and an inclination amplitude of 0.00819◦, the series includes four addi-
tional terms of smaller amplitudes. The first term in the series expansion is related to the effect
of Saturn’s oblateness and to the resonance between Enceladus and Dione (Vienne and Duriez,
1995). The third term has a period equal to half the revolution period of Saturn around the
Sun and is due to the Sun. The others terms are due to the indirect influence of other satellites
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of Saturn. The second term has an amplitude two times smaller than the first term (see Table
1) and contributes significantly to the orbital precession (see Fig. 1), and therefore potentially
to the spin precession.
We also assess if elasticity can trigger a resonant amplification of the solution. For an
homogeneous one-layer satellite, the tidal Love number k2 is given by
k2 =
3
2
1
1 + 19µ2ρ¯gR
' 4piG
19
ρ¯2R2
µ
, (27)
with µ the elastic rigidity and ρ¯ the mean density. Based on Eq. (27), we expect that the Love
number of a solid Enceladus is more than an order of magnitude smaller than for the large icy
satellites as Europa or Ganymede, as a result of Enceladus’ smaller size. Using a more realistic
two-layers model and rigidities µ of 3.3 GPa and 100 GPa for the ice mantle (e.g. Sotin et
al., 1998) and the solid interior (e.g. Turcotte and Schubert, 2002), respectively, we find that
k2 ranges from 1.2 × 10−4 to 1.9 × 10−4, depending on the radius of the core. We will use
k2 = 1.5× 10−4 in the following, as an estimate for the Love number of a solid Enceladus.
If the negative of a forcing frequency Ω˙j is close enough to the free frequency ωf (or ω
el
f ), a
resonant amplification of the term j of the rigid (or elastic) solution occurs, since the denominator
in Eq. (23) (or Eq. (26)) becomes small. However, the free period of a rigid Enceladus (Tf =
0.098 years) is about one to three orders of magnitude shorter than the negative of the forcing
periods Tj (see Table 1). Therefore, (ωf , ω
el
f ) >> Ω˙j and the obliquity amplitudes can be
considered as proportional to the free period, at the 10% level at worst. Since the Love number
of a solid Enceladus is very small, the effect of elasticity on the free period is only of 0.01%,
which is negligible. As a result, no resonant amplification can occur for Enceladus, neither for
the rigid case, nor for the elastic case.
The ratio C/C˜ differs from unity by about 10−6, which is even lower than the 0.01% change
of the free period. Therefore, as for the free period, the obliquity amplitudes of an elastic
Enceladus are about 0.01% larger than their counterparts for a rigid moon. With decreasing
ice rigidity, the effect of elastic deformations increases and the obliquity amplitudes become
larger. In the limit case where the whole ice mantle deforms as a fluid (µice → 0 and k2 ' 0.6),
the obliquity amplitudes are about two times larger than the obliquity amplitudes of a rigid
moon. In a more realistic, but already large, range of values for the ice rigidity of [1, 5] GPa,
k2 = [1.0, 4.6]× 10−4 and the obliquity amplitudes are about [0.007, 0.04]% larger than those of
a rigid moon.
The obliquity amplitudes εj and ε
el
j range from 0.003 × 10−4 to 3.547 × 10−4 degrees and
are about 25 to 300 times smaller than the corresponding inclination amplitudes (see Table
1). Measured at the surface of Enceladus, ε1 and ε
el
1 are only about 1.6 meters, ε2 and ε
el
2 are
about 0.4 meters, while the other obliquity amplitudes are even smaller. The first and second
terms dominate the solution and the trajectory S of the rigid spin precession projected onto
the Laplace plane, computed from Eq. (22), differs from the orbit axis trajectory N by at most
about 2 meters, as can be seen in the left panel of Fig. 2. The right panel of Fig. 2 demonstrates
that the effect of elasticity is four orders of magnitude smaller, since the difference between the
trajectories of an elastic and of a rigid moon, computed from Eqs. (22) and (25), respectively,
is at most 0.0002 meters.
The time-varying obliquity ε(t) is about 25 times smaller than the time-varying inclination
i(t) (see Fig. 3). ε(t) varies by about 25% with respect to its mean value and can reach up to
4.48× 10−4 degrees. These 25% variations are consistent with the findings of Chen and Nimmo
(2011).
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Figure 2: Difference between the rigid solid spin axis and the orbit axis (left), and between
the elastic and rigid solid spin axes (right), projected on the Laplace plane and multiplied by
Enceladus’s radius R. The trajectories are drawn over 30 years, beginning on J2000. The
spin precession differs from the orbital precession by about 2 meters at best, while the effect
of elasticity is four orders of magnitude lower. The differences are dominated by the first two
frequencies of the series expansions for the orbital and spin precessions.
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Figure 3: Inclination (left) and obliquity of a solid and rigid Enceladus (right) over 30 years
beginning on J2000. The obliquity of a solid and elastic Enceladus is not shown here because it
would be indistinguishable from the obliquity of the rigid case (only 0.01% of difference).
3 The Cassini state for Enceladus with an internal global ocean
and elastic solid layers
3.1 Introduction
We develop a Cassini state model for Enceladus assuming the satellite is made of three uniform
and homogeneous layers of radius Rj and density ρj : an elastic ice shell (sh), a liquid water
ocean (o), and an elastic solid interior (in) that is a mix of ice and silicates. In principle, the
spin orientation of each layer is governed by one angular momentum equation. Saturn exerts
an external gravitational torque on each layer, while torques resulting from gravitational and
pressure interactions between layers arise. Under the assumption that the liquid ocean is in
hydrostatic equilibrium, the pressure torque exerted by the ocean on each adjacent solid layer
can be seen as a transfer to the solid layer of the gravitational torques exerted on the part of the
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ocean aligned with the solid layer, while the total torque on the liquid layer vanishes (Baland et
al., 2011). Therefore, the system reduces to the angular momentum equations of the two solid
layers. In the rigid case, they can be written, correct up to the first order in spin and orbital
inclinations as (see Eqs. (31)-(32) of Baland et al., (2011)):
Csh
dSsh
dt
= Iκ′sh(N − Ssh)− IK(Sin − Ssh), (28)
Cin
dSin
dt
= Iκ′in(N − Sin) + IK(Sin − Ssh), (29)
where Ssh and Sin are the projections on the Laplace plane of the unit vectors along the rotation
axes of the shell sˆsh and of the interior sˆin, respectively. Csh and Cin are the polar moment
of inertia of the two solid layers. The strength of the internal gravitational torque between the
two solid layers is denoted by K, while the strengths of the external torques exerted by Saturn
on the shell and on the interior are denoted by κ′sh and κ
′
in, respectively. These internal and
external coupling strengths are corrected for the pressure effect (see Eqs. (28)-(30) in Baland
et al., 2011). In the following, the torques have to be corrected further for the elastic effect.
Besides, as in the solid case, the angular momentum will be affected by the elastic deformations.
3.2 External torques
The external gravitational torque of Saturn on a solid layer is not only exerted on its static
bulge, but also on its periodic elastic bulge. As in the case of a solid satellite, only the obliquity
component of the periodic bulge of a solid layer plays a role in the angular momentum equations.
In a similar way as the forcing strength κ for a rigid and solid satellite was changed to κel to
account for elasticity (Eq. (11)), the coefficients κ′sh and κ
′
in can be easily adapted to the elastic
case by considering the contribution kj2 of each layer j to the total tidal Love number k2, as
done in Van Hoolst et al. (2013) for the study of libration. We then have
κ
′el
sh =
3
2
n[(Csh −Ash)− ksh2 MeR2qr
+(Co,t −Ao,t)− ko,t2 MeR2qr], (30)
κ
′el
in =
3
2
n[(Cin −Ain)− kin2 MeR2qr
+(Co,b −Ao,b)− ko,b2 MeR2qr], (31)
where Ash and Ain are the smallest principal moments of inertia of the two solid layers. The
subscripts (o, t) and (o, b) refer to the mass of the ocean aligned with the shell and the interior,
respectively, or equivalently, to a top ocean and a bottom ocean above and beneath an arbitrarily
chosen sphere inside the ocean.
3.3 Internal torques
In the rigid case addressed in Baland et al. (2011), the coupling strength K of the internal
gravitational torque, corrected for the pressure effect, between the static bulges of the two solid
layers which are misaligned because of their differential spin precession, is defined as
K = −8piG
5n
MeR
2
[
−(Cin20 + Cb,o20 )[ρsh(αsh − αo) + ρoαo]
+(Cin22 + C
b,o
22 )[ρsh(βsh − βo) + ρoβo]
]
, (32)
where αj and βj are the polar and equatorial flattenings of the external interface of layer j,
defined as the relative differences ((aj + bj)/2− cj)/((aj + bj)/2) and (aj − bj)/aj) respectively,
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with aj > bj > cj the radii in the direction of the principal axes of layer j. C
j
20 and C
j
22 are
the contributions of layer j to the external gravity field coefficients C20 and C22, which can be
expressed in terms of the layer’s principal moments of inertia
Cj20 = −
Cj − Aj+Bj2
MeR2
and Cj22 =
Bj −Aj
4MeR2
, (33)
with Aj < Bj < Cj the principal moments of inertia of layer j, defined as (e.g. Van Hoolst et
al., 2008)
Aj =
8pi
15
ρj
[
R5j
(
1− 1
3
αj − 1
2
βj
)
−R5j−1
(
1− 1
3
αj−1 − 1
2
βj−1
)]
, (34)
Bj =
8pi
15
ρj
[
R5j
(
1− 1
3
αj +
1
2
βj
)
−R5j−1
(
1− 1
3
αj−1 +
1
2
βj−1
)]
, (35)
Cj =
8pi
15
ρj
[
R5j
(
1 +
2
3
αj
)
−R5j−1
(
1 +
2
3
αj−1
)]
, (36)
with the subscript (l−1) referring to the layer located beneath layer j. Note that expression (32)
has been corrected with respect to the expression used in Baland et al. (2011, 2012, 2014). This
correction has limited impact on the results reported in these studies. The reader is referred to
Appendix B for a formal demonstration.
A similar coupling coefficient for the torque between static bulges misaligned because of the
differential rotation rate of the solid layers has been defined in libration studies (e.g. Van Hoolst
et al., 2009). The existence of periodic elastic bulges led us to consider also internal torques
between static and periodic bulges, while the torque between the two periodic bulges has been
neglected. The sum of these additional torques exerted on the interior δΓ is given by Eq. (150),
and can be projected on the Laplace plane as
δΓ = IKpi(Sin −N) + IKps(Ssh −N) (37)
The additional torque on the shell is equal and opposite to the additional torque on the interior.
Additional coupling strengths were defined to account for the torque between the static bulge of
the shell/interior and the librational tidal bulge of the interior/shell (Van Hoolst et al., 2013).
Here, the periodic tidal bulges induced by obliquity tides lead to the consideration of a coupling
strength for the torque between the periodic bulge of the interior and the static bulge of the
shell (Kpi) and of another coupling strength for the torque between the periodic bulge of the
shell and the static bulge of the interior (Kps), which are expressed as (see Appendix C for the
demonstration)
Kpi =
3
2n
(kin2 + k
o,b
2 )MeR
2qr(φ
sh
20 − 2φsh22 + φo,t20 − 2φo,t22 ), (38)
Kps =
6piG
5
nR2
[
ρsh(
ysh
Rsh
− yo
Ro
) + ρo
yo
Ro
]
[(Cin −Ain) + (Co,b −Ao,b)], (39)
where φj20 and φ
j
22 are the contribution of layer j to the coefficients of the internal gravity field
that can be expressed in terms of the flattenings of the layer’s interfaces (see Eqs. (128) and
(130)) and where yj is the radial displacement at the top interface of layer j, calculated for a
tidal potential with degree-two component equal to −1 m2/s2 at the surface.
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3.4 Angular momentum equations
By using the expressions for the coupling strengths derived in the previous subsections, and by
correcting the angular momentum of the shell and of the interior in the same way as in the
solid case (see Eq. (24)), the angular momentum equations (28) and (29) can be corrected for
elasticity and become
C˜sh
dSsh
dt
= Iκ
′el
sh(N − Ssh)− IK(Sin − Ssh)− IKpi(Sin −N)
−IKps(Ssh −N) + (C˜sh − Csh)dN
dt
, (40)
C˜in
dSin
dt
= Iκ
′el
in (N − Sin) + IK(Sin − Ssh) + IKpi(Sin −N)
+IKps(Ssh −N) + (C˜in − Cin)dN
dt
, (41)
C˜sh = Csh − 1
2
ksh2 MeR
2qr, (42)
C˜in = Cin − 1
2
kin2 MeR
2qr. (43)
In the right hand members of Eqs. (40)-(41), the first term, proportional to κ
′el
sh or κ
′el
in , is the
external gravitational torque, corrected for the pressure effect, exerted by Saturn on the elastic
shell or the elastic interior, respectively. The second term, proportional to K, is the internal
gravitational torque between the static bulges of the solid layers, corrected for the pressure effect.
The third and fourth terms, proportional to Kpi and Kps, are the additional torques between
the static and periodic bulges, also corrected for the pressure effect. The last terms come from
the change in angular momentum due to obliquity tides. The system can be rearranged as:
C˜sh
dSsh
dt
= Iκ˜sh(N − Ssh)− IK˜sh(Sin − Ssh) + (C˜sh − Csh)dN
dt
, (44)
C˜in
dSin
dt
= Iκ˜in(N − Sin) + IK˜in(Sin − Ssh) + (C˜in − Cin)dN
dt
, (45)
with
κ˜sh = κ
′el
sh +Kps +Kpi, (46)
κ˜in = κ
′el
in −Kps −Kpi, (47)
K˜sh = K +Kpi, (48)
K˜in = K −Kps. (49)
3.5 Free modes and forced solution
The system (44-45) has two free modes which can be found by setting N equal to (0, 0) and
which are characterized by two free frequencies ωel± defined as
ωel± = −(Z ±
√
∆)/(2C˜inC˜sh), (50)
Z = (C˜inK˜sh + C˜shK˜in)− C˜shκ˜in − C˜inκ˜sh, (51)
∆ = −4C˜inC˜sh(−K˜shκ˜in − K˜inκ˜sh + κ˜inκ˜sh) + Z2. (52)
The free frequency ωel+ corresponds to a mode where both the solid layers precess in phase with
each other, while they are out of phase for ωel−. The free frequencies of a satellite with rigid solid
15
layers ω± (Eq. (33) of Baland et al., 2011) can be retrieved by setting k
j
2 and yj to zero in the
coefficients of Eqs. (50)-(52).
For the orbital precession given by Eq. (21) and by injecting forced solutions for the spin
precessions of the form
Ssh =
∑
j
(ij + ε
el
j,sh)e
I(Ω˙jt+γj−pi/2), (53)
Sin =
∑
j
(ij + ε
el
j,in)e
I(Ω˙jt+γj−pi/2), (54)
in Eqs. (44)-(45), we have, correct up to the first order in inclination and obliquity amplitudes,
the following shell obliquity amplitudes εelj,sh and interior obliquity amplitude ε
el
j,in
εelj,sh =
ijΩ˙j(CinK˜sh + CshK˜in − Cshκ˜in − C˜inCsh Ω˙j)
C˜inC˜sh(ω+ + Ω˙j)(ω− + Ω˙j)
, (55)
εelj,in =
ijΩ˙j(CinK˜sh + CshK˜in − Cinκ˜sh − Cin C˜sh Ω˙j)
C˜inC˜sh(ω+ + Ω˙j)(ω− + Ω˙j)
. (56)
The rigid obliquity amplitudes εj,sh and εj,in (Eqs. (36)-(37) of Baland et al., 2012) can be
retrieved by setting kj2 and yj to zero in the expressions for the different coefficients of Eqs
(55-56).
The actual time-varying obliquity of the elastic shell and interior, εelsh(t) and ε
el
in(t), are
defined similarly as in Eq. (20):
εelsh(t) ' ‖Ssh −N‖ and εelin(t) ' ‖Sin −N‖, (57)
3.6 Results
3.6.1 Density profiles and static flattenings
layer Thickness[km]/Radius[km] Density[kg m−3]
ice shell hsh = {5, 6, ..., 50} ρsh = {900, 925, ..., 1000}
ocean ho = 2.1− 67.1 ρo = {950, 975..., 1050}
solid interior Rin = {180, 185, ..., 200} ρin = 2246.1− 2602.9
Table 2: The ranges of size and of density of the three internal layers of Enceladus, consistent
with the given constraints on mass, radius, and mean moment of inertia. Within a given set
denoted by curly brackets, the values are equally spaced. This table defines 2191 solutions for
the density profiles.
We build a large set of density profiles for Enceladus (see Table 2) by extending the two-layers
density profile proposed by Iess et al. (2014). In their model, the H2O mantle has a uniform
density of 1000 kg m−3, while the core has density and radius of about 2400 kg m−3 and 190
km, respectively. In our three-layers density profiles, the water layer is divided into a solid and
a liquid part that can have different densities. For pure water, and neglecting the small effects
of pressure and temperature, the density of the shell ρsh and of the ocean ρo would be 920 kg
m−3 and 1000 kg m−3, respectively. Here we consider a range for ρsh from 900 to 1000 kg m−3,
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and a range for ρo from 950 to 1050 kg m
−3, to take into account effects of possible impurities
(ammonia and/or salts) and porosity. We consider values for the ice shell thickness hsh equally
spaced by 1 km, between 5 and 50 km. The values for the interior radius Rin are between 180
and 200 km, and are equally spaced by 5 km, which allows some variations with respect to the
density profile proposed by Iess et al. (2014). The density of the interior ρin and the thickness
of the ocean ho are computed from the constraints on the mass Me and on the radius R and
from the values of the other parameters. Only density profiles with a mean moment of inertia
I/MeR
2 compatible with the estimate I/MeR
2 = 0.335 ± 0.005 (2σ) of Iess et al. (2014) are
considered. The density of the interior ρin is then between 2246 kg m
−3 and 2603 kg m−3, a
range that includes the value of Iess et al. (2014). This procedure provides 2191 solutions for
the density profiles.
In this section, we assume that Enceladus does not deviate from hydrostatic equilibrium.
Following Van Hoolst et al. (2008), the static triaxial ellipsoidal shape of any equipotential
surface of constant density can be expressed as
r = r0
(
1− 2
3
α(r0)P
0
2 (cosϕ) +
1
6
β(r0)P
2
2 (cosϕ) cos 2λ
)
, (58)
with r, ϕ and λ the spherical coordinates (radius, colatitude and longitude) of a point on the
deformed equipotential surface, r0 the mean radius, and α(r0) and β(r0) the polar and equatorial
flattenings of the ellipsoidal surface. For a synchronous satellite, β(r0) =
6
5α(r0). P
0
2 (cosϕ) and
P 22 (cosϕ) are associated Legendre functions. The polar flattenings αj (and so the equatorial
flattenings βj =
6
5αj) of the different layers, needed to compute the coupling strengths κ
′el
sh , κ
′el
in
of Eqs. (30)-(31) and K of Eq. (32), are obtained by solving Clairaut’s equation
d2α
dr20
+
6
r0
ρ
ρ¯
dα
dr0
− 6
r20
(
1− ρ
ρ¯
)
α = 0, (59)
with the following boundary condition
dα
dr0
(R) =
1
R
[
25
4
qr − 2α(R)
]
. (60)
ρ¯ is the mean density inside the sphere of radius r0. In Clairaut’s theory, the hydrostatic polar
flattening of the surface is defined as
αsh = α(R) = −3
2
CHE20 +
5
4
qr, (61)
with CHE20 = −103 CHE22 . The expected hydrostatic coefficients CHE20 and CHE22 are related to the
mean moment of inertia I/MeR
2 of the chosen density profile through Radau’s equation, which
is given by
I
MeR2
=
2
3
1− 2
5
(
25
4
qr
−32CHE20 + 54qr
− 1
)1/2 . (62)
CHE20 and C
HE
22 may differ from the actual measured gravity coefficients, since Enceladus deviates
from hydrostatic equilibrium, as demonstrated by Iess et al. (2014) and McKinnon (2015). The
effect of this departure on the upper bound of Enceladus’ obliquity will be discussed in section
4.
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3.6.2 Elastic deformations
The radial tidal displacements yj at the outer surface of the layers j are calculated by solving the
equation of motion, Poisson’s equation, and the continuity equation for a spherically symmetric
satellite. In addition, we have used the constitutive equation between stress and strain for
an isotropic elastic solid. The set of differential equations solved for tides is formally exactly
the same as for free seismic oscillations (see, e.g., Dahlen and Tromp 1999) by replacing the
Eulerian perturbation of the gravitational potential by the sum of that perturbation and the
tidal potential. We calculated the yj for a tidal potential with degree-two components equal
to −1 m2/s2 at the surface. The only difference with respect to seismic normal modes is that
the surface boundary condition on the radial derivative of the gravitational potential becomes
non-homogeneous (e.g. Tobie et al., 2005; Rivoldini et al., 2009). As the libration period is
large compared to the seismic mode frequencies and the effect of inertial forces is small, the
Love numbers are almost independent of frequency and we calculate the Love numbers for zero
frequency. We do not include viscoelasticity as its effect on the amplitude of the Love numbers
for realistic viscosity parameters is small and well below the effect of uncertainties in model
parameters, such as the ice rigidity. We also assume incompressibility in our calculation as did,
e.g., Moore and Schubert (2000) and Wahr et al. (2006).
The contribution kj2 of each layer j to the total tidal Love number k2 can be expressed as
functions of the radial tidal displacement of the interfaces yj :
ksh2 =
4piGρsh
5R3
(
R4ysh −R4oyo
)
, (63)
ko,t2 =
4piGρo
5R3
R4oyo, (64)
ko,b2 = −
4piGρo
5R3
R4inyin, (65)
kin2 =
4piGρin
5R3
R4inyin. (66)
yj and k
j
2 are used to compute the torque strengths κ
′el
sh , κ
′el
in of Eqs. (30)-(31) and Kpi and Kps
of Eqs (38-39), as well as the effect of deformations on the effective polar moment of inertia of
the shell C˜sh and of the interior C˜in (Eqs. (42)-(43)).
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Figure 4: Ranges of the Love numbers k2 of the whole Enceladus, and of the contributions of
the top part of the ocean ko,t2 , of the ice shell k
sh
2 , of the interior k
in
2 , and of the bottom part of
the ocean ko,b2 as a function of shell thickness hsh for all the density profiles defined in Table 2,
and for µsh = 3.3 GPa and µin = 100 GPa. k
in
2 and k
o,b
2 are very small and of different signs.
18
For the density profiles of Enceladus considered in Table 2 and for rigidities µsh = 3.3 GPa
and µin = 100 GPa, the total Love number k2 ranges from 0.005 for thick ice shells to 0.072 for
thin ice shells (see black region in Fig. 4), and is 30 to 500 times larger than the chosen value
for a solid Enceladus (1.5× 10−4). For µsh = 1 GPa (5 GPa), k2 ranges from 0.017 (0.004) for
thick ice shells to 0.072 (0.050) for thin ice shells. k2 depends mainly on the ice shell thickness
hsh, and weakly on other parameters like the shell and ocean densities. The shell (red region
in Fig. 4) and the top ocean (blue region) contribute together at least 95.6% to the total Love
number and up to 99.8%, since the solid shell top and bottom interfaces are more deformed by
the tides than the interior. The thinner the shell is, the larger ysh and yo are and the closer
they are to each other. Therefore, the contribution of the top ocean to the total Love number is
maximal when the shell is thin (see Eqs. (63)-(64)). For hsh = 5 km, the top ocean contribution
is about 93% while the shell contribution is about 6.5%. The respective contributions are about
44% and 52.5% for hsh = 50 km. The joint contributions of the interior (green region) and of
the bottom ocean (orange region) is at best of 4.4% when the shell is thick.
3.6.3 Solution for the spin precession
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Figure 5: Ranges of the effect of elastic deformations on the coupling strengths, for the density
profiles defined in Table 2. Black and blue: relative influence of elastic deformations on the
strengths of the external torques, corrected for the pressure, on the shell and on the interior
(|(κ′elsh − κ′sh)/κ
′el
sh | and |(κ
′el
in − κ′in)/κ
′el
in |), as a function of the shell thickness. Red: ratio of the
strength of the additional internal gravitational torque involving the periodic bulge of the shell
over the strength of the internal gravitational torque between the static bulges of the solid layers
(|Kps/K|). The ratio |Kpi/K| is of the order of 10−10%, and hence not shown here.
The effect of elastic deformations on the solutions (55-56) can be anticipated by an assessment
of their effect on the coupling strengths. The relative difference between the rigid and elastic
versions of the strengths of the external torques, corrected for the pressure, is between 0.6% and
7.7% for the shell (|(κ′elsh − κ′sh)/κ
′el
sh |) and lower (∼ 0.06%) for the interior (|(κ
′el
in − κ′in)/κ
′el
in |)
since the deformations of the interior are small (see black and blue regions in Fig. 5). The effect
of elastic deformations on the external torques is then larger than in the solid case, for which
it was of about 0.01%. We also compare the additional elastic internal coupling strengths Kpi
and Kps to the rigid internal coupling strength K. |Kps/K| decreases with increasing ice shell
thicknesses from 0.5% to 6.7% (see red region in Fig. 5), while Kpi is completely negligible in
front of K (of the order 10−10%, and hence not shown in Fig. 5.), meaning that the additional
internal gravitational torque involving the periodic bulge of the interior (first term of Eq. (37))
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is quasi negligible. Contrary to the solid case, we then expect a small but non-negligible effect of
elastic deformations on the solution for the spin precession, especially for thin ice shells, thanks
to the elastic deformations of the shell top and bottom interfaces.
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Figure 6: Ranges of the free periods T el± as a function of the shell thickness hsh for the density
profiles defined in Table 2 (blue and red regions), compared to the free period T elf of the solid
case (solid black line) and the opposite of the negative forcing periods Tj=1,2,4,5 (dotted black
lines).
As in the solid case, we now investigate whether a resonant amplification of one term of the
solution for the shell spin precession is possible. The free period T el+ = 2pi/ω
el
+ is of the order of
a tenth of a year, and is, as expected, close to the free period of the solid case of 0.098 years
(see blue region in Fig. 6), while the free period T el− = 2pi/ωel− is about two to ten times shorter
than T el+ (red region). Both free periods T
el± increase with increasing ice shell thicknesses hsh.
However, neither the presence of the ocean, nor elasticity, leads to a resonant amplification,
since the opposite of the forcing periods Tj=1,2,4,5 are significantly larger than the free periods
(see Fig. 6).
This lack of resonant amplification results in small absolute values of the obliquity amplitudes
for the shell and the interior (always smaller than 10−3 degrees, see Fig. 7). The absolute
obliquity amplitudes of the interior (red regions in Fig. 7) are larger than the absolute obliquity
amplitudes of the solid case (black line), which are in turn larger than those of the shell (blue
regions): |εelj,in| > |εelj | > |εelj,sh|. The absolute obliquity amplitudes increase with increasing ice
shell thickness. For thin ice shells, εelj,in are close to ε
el
j , while for thick ice shells, ε
el
j,sh tend
to εelj . This behavior suggests that the layer that supports the main part of the aspherical
mass distribution of the satellite tends to behave as if it was the entire satellite itself. This
is a general behavior already observed for the Galilean satellites in the absence of resonant
amplification (Baland et al., 2012). Note that contrary to other authors (e.g. Nimmo and
Spencer 2015), we do not consider that the presence of an internal global ocean is a sufficient
condition for the obliquity of a satellite’s shell being increased with respect to the obliquity of
a solid Enceladus. A resonant amplification of a term of the solution is also needed, otherwise
the shell obliquity is even smaller than the obliquity of the solid case.
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Figure 7: Ranges of the obliquity amplitudes of the elastic shell (εelj,sh) and of the interior
(εelj,in), as a function of shell thickness hsh for the density profiles defined in Table 2, compared
to obliquity amplitudes of en entirely solid Enceladus (εelj ), for the five frequencies of the orbital
theory.
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Figure 8: Ranges of the shell and interior obliquity εelsh(t) and ε
el
in(t) of Enceladus over 30
years beginning on J2000, compared to the obliquity of a solid and elastic Enceladus εel(t). The
ranges are due to the diversity of the density profiles defined in Tab (2).
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If the orbital precession was uniform, the constant obliquity of the shell and of the interior
(computed from Eqs. (55)-(56) for j = 1), εelsh and ε
el
in, would be in the ranges [1.16, 3.24]×10−4
degrees and [4.15, 5.29]× 10−4 degrees, respectively, depending on the density profile. However,
since the precession is nonuniform, the actual obliquities of the shell εelsh(t) and of the interior
εelin(t) (Eq. (57)) vary with time in a similar way as the obliquity of an entirely solid and elastic
Enceladus εel(t). Depending on the density profile, the values for the obliquity of the interior
are larger than for a solid Enceladus and in the range [3.09, 6.49] × 10−4 degrees, while the
values for the obliquity of the shell are smaller than for a solid Enceladus and in the range
[0.86, 3.98]× 10−4 degrees (see Figs. 8 and 9).
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Figure 9: Ranges of the obliquity of Enceladus (in degrees), for the density profiles of Table 2
and the eight different theoretical models for the Cassini state investigated in Sections 2 and
3. Enceladus may be entirely solid or having an internal global ocean. The solid layers may be
rigid or elastic. The orbital precession may be uniform or not.
The effect of elasticity on the constant or on the time-varying obliquity is between 0.5%
and 6.0% for the shell and between 0.3% and 1.9% for the interior (see Fig. 9). This is, as
anticipated, a small effect. As in the case of a solid moon, decreasing the ice rigidity increases
the obliquity amplitudes. For µsh = 1 GPa, the obliquity amplitudes of the shell and of the
interior are between 1.5% and 15.6% and between 1.1% and 5.3% larger than those of a rigid
moon, respectively. In the limit case where the ice shell behaves as a fluid (µsh → 0), the
obliquity amplitudes are about two times larger than the obliquity amplitudes for a moon with
rigid solid layers.
4 Discussion
4.1 New theoretical estimate of the upper limit for Enceladus’ obliquity
The upper bound for Enceladus’ obliquity was set to 0.0015◦ by Chen and Nimmo (2011), using
a model for a solid and rigid moon and a uniform precession. They increased this upper bound
by about 20% for a nonuniform precession. The ranges of Enceladus obliquity for the different
theoretical models considered in this paper are given in Fig. 9. We showed in Section 2, using the
measured values of the gravity field coefficients, the quasi-periodic decomposition for the orbital
precession, and reasonable estimates of the ice and interior rigidities (3.3 GPa and 100 GPa,
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respectively), that the upper limit for a solid Enceladus is even smaller than Chen and Nimmo’s
estimate: 4.48 × 10−4 degrees, whether the satellite is rigid or elastic. When the presence of
an internal ocean is taken into account, the upper bound for the obliquity of a rigid/elastic
shell decreases by 13.1/12.6% to reach 3.96/3.98× 10−4 degrees. This corresponds to about two
meters at the surface of the satellite. For an ice shell deforming as a fluid layer (unrealistic limit
case), the upper limit on the obliquity of Enceladus would be about 9×10−4 degrees (4 meters),
which is still quite small.
A very accurate measurement of the obliquity would be needed to detect the ocean, especially
if the shell is thick. For instance, an accuracy of the order of 5× 10−5 degrees would be needed
to detect an ocean below a 25 km thick shell, corresponding to an error of the order of 0.20 m
on the location of the spin axis at the surface. This accuracy level is well below the resolution of
the Cassini images used by Giese (2014) and ranging from 112m/pixel to 1217m/pixel. There-
fore, control points calculations are insufficient to detect the ocean or measure the obliquity of
Enceladus.
The ocean model fails to predict larger values for the surface obliquity than the solid model.
The obliquity is about two orders of magnitude smaller than the obliquity needed to explain
the observed heat flux of Enceladus, according to Tyler (2009, 2011). Therefore, as Chen and
Nimmo (2011), we conclude that obliquity tides are unlikely to be the source of the large heat
flow and geophysical activity of Enceladus.
4.2 Deviation from hydrostatic equilibrium
From the observed gravity field, Iess et al. (2014) showed that C20/C22 = −3.51 ± 0.05. This
is not consistent with the canonical hydrostatic relation C20/C22 = −103 , which is a necessary
condition for a synchronous satellite to be in hydrostatic equilibrium. The existence of a signif-
icant degree-three signal in the gravity field is another evidence of a departure from hydrostatic
equilibrium. McKinnon (2015) showed that for a rapid rotator as Enceladus (period of rotation
of 1.37 days) the hydrostatic relation is closer to 3.25, which is even further from the observa-
tions. Enceladus is definitely not in hydrostatic equilibrium. Therefore, the mean moment of
inertia of Enceladus cannot be computed straightforwardly from the observed gravity field and
Radau’s equation. One needs to separate the hydrostatic and non-hydrostatic components of
the measured gravity field first. Assuming that the interior (the ice/silicates core) of Enceladus
is in hydrostatic equilibrium and that the floating shell is isostatic and of variable thickness
(Airy isostasy), Iess et al. (2014) found that I/MeR
2 = 0.335 ± 0.005 at the 2σ level, which is
the value we used in Section 2 to approximate the ratio C/MeR
2 and in section 3 to constrain
the range of density profiles of Enceladus in Table 2.
Since Enceladus is not in hydrostatic equilibrium, it is not surprising that the reference ellip-
soid computed from the observed gravity field is not consistent with the measured topography
of Nimmo et al. (2011). Expected hydrostatic values for the radii a > b > c of the surface
ellipsoid are a = 255.7 km, b = 251.0 km, and c = 249.3 km, while the ellipsoid fitted to the
topography measurements are characterized by a = 256.7 km, b = 251.2 km, and c = 248.2
km. Therefore, the polar and equatorial static flattenings of the surface, of the ice shell-ocean
interface, and of the ocean-interior interface deviate from the hydrostatic flattenings computed
in section (3.6.1) and used to derive the solution for the spin precession in section (3.6.3). The
flattenings of the ellipsoid fitted to the observed surface topography are derived from Nimmo et
al. (2011): αsh = 0.0229 and βsh = 0.0218.
We compute the non-hydrostatic flattenings of the shell-ocean and ocean-interior interface’s
that are consistent with the observed degree-two gravity coefficients C20 and C22 and the el-
lipsoid fitted to the measured surface topography, under the assumptions that the interior is
in hydrostatic equilibrium while the shell is in a quasi-isostatic equilibrium state (meaning an
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Airy-type compensation through ice-shell thickness variations, allowed by a density contrast
between the ocean and the shell). For the interior in hydrostatic equilibrium, we can write the
following relations between its flattenings αin and βin and the flattenings of the other layers (see
Baland et al., 2014):
− 2
3
αinRin =
Φ20in(Rin)
g(Rin)
, (67)
1
6
βinRin =
Φ22in(Rin)
g(Rin)
, (68)
with
Φ20in(Rin) = −
5
6
n2R2in −
8piG
15
[
αshρshR
2
in + αo(ρo − ρsh)R2in
−αinρoR2in + αinρinR2in
]
, (69)
Φ22in(rin) =
1
4
n2r2in +
2piG
15
[
βshρshR
2
in + βo(ρo − ρsh)R2in
−βinρoR2in + βinρinR2in
]
, (70)
with g(Rin) = GM(Rin)/R
2
in, the gravitational acceleration at level Rin. M(Rin) is the mass of
the material located under the mean level Rin. The observed second-degree gravity coefficients
can be expressed as a function of the layers’ flattenings (see Baland et al., 2014):
C20 = − 1
MeR2
8pi
15
[
ρsh(R
5αsh −R5oαo) + ρo(R5oαo −R5inαin)
+ρinR
5
inαin
]
, (71)
C22 =
1
4MeR2
8pi
15
[
ρsh(R
5βsh −R5oβo) + ρo(R5oβo −R5inβin)
+ρinR
5
inβin
]
. (72)
Eqs. (69)-(72) form a system of four equations with four unknowns: αo, αin, βo, and βin.
For ρo = ρsh, an isostatic compensation at the shell-ocean interface is impossible. Therefore, the
solution can be computed only for the 1869 profiles, out of the 2191 density profiles presented in
Table 2, which have a density contrast ∆ρ = (ρo − ρsh) of 25, 50, . . . , 150 km. The solution for
the flattenings allows to estimate the thickness of the shell and of the ocean for any longitude
and latitude. The quasi-isostatic compensation leads to a thinner shell and a thicker ocean at
the poles, and to a thicker shell and a thinner ocean in the direction to Saturn than in the
hydrostatic case. However, some solutions are physically unrealistic. We find negative shell
thicknesses at the poles (up to −40 km) and negative ocean thicknesses in the direction to
Saturn (up to −65 km), for density profiles with small (hsh < 8 km) and large (hsh > 48 km)
mean shell thickness, respectively, and/or for density profiles with a low density contrast ∆ρ
of 25 km. These unrealistic solutions are the direct consequence of the hypothesis of quasi-
isostatic compensation at the ocean-shell interface, that implies that the shell-ocean interface
is significantly less flattened than the shell’s surface or even flattened in the perpendicular
direction. In the latter case, for a small mean shell thickness, the ocean-shell interface will easily
cross the shell’s surface in the polar direction, while for a large mean shell thickness, the mean
ocean thickness will be small and the shell-ocean interface will easily cross the core’s surface in
the direction to Saturn. For intermediate mean shell thickness, a low density contrast between
the shell and the ocean produces similar effects, because the isostasy will lead to negative αo
and βo that are an order of magnitude larger than the hydrostatic flattenings. Therefore, in Fig.
10, we present the solution for the flattenings, as a function of the mean shell thickness hsh and
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of the density contrast ∆ρ, for the subset of 555 density profiles which have a shell and ocean
thickness of at least 2.5 and 1 km at all directions, half the minimal value considered here for
the mean thickness of the shell and of the ocean, respectively. The surface flattenings have the
same value for all density profiles (see top panels of in Fig. 10). Ocean (middle panels) and
interior (bottom panels) flattenings may differ depending on the density profile, and decrease
with decreasing hsh. αin differs more with respect to the hydrostatic flattenings than βin. This
is because the difference between the actual surface flattenings and the hydrostatic one is larger
for the polar flattenings than for the equatorial ones (see top panels in Fig. 10).
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Figure 10: Polar (α) and equatorial (β) flattenings of the shell, ocean, and interior of Enceladus,
as a function of the ice shell thickness hsh, for the density profiles defined in Table 2. In gray,
the ranges of hydrostatic flattenings used in section (3.6.3). In markers colored according to
the density difference (ρo− ρsh), the non-hydrostatic flattenings corresponding to the measured
topography and gravity fields.
Using the non-hydrostatic flattenings instead of the hydrostatic flattenings to derive the
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solution for the spin precession, we find that the non-hydrostatic behavior of the shell has a
small effect on the obliquity of the shell, which is now in the range [1.06, 3.35]× 10−4 deg. The
possible difference in ocean thickness between the two poles, due to the south pole depression,
is unlikely to change significantly the outcome.
4.3 Implications of elasticity for other satellites
The effect of elastic deformations on the obliquity of the surface layer is very limited in the
case of Enceladus (from 0.3% to 6.0%, see Section 3.6.3). But what about other satellites? As
a preliminary assessment of the effect of elasticity on the Galilean satellites and on Titan, we
compare in Table 3 their rigid and elastic solid free periods, considering reasonable estimates
for their solid tidal Love number k2: 0.04 to 0.8 for Io, depending on the viscosity of the
astenosphere (Lainey et al., 2009), 0.015 for Europa (Moore and Schubert, 2000), 0.067 for
Ganymede, Callisto, and Titan (Moore and Schubert, 2003).
k2 Tf (years) T
el
f (years) ∆Tf
Enc. 0.00015 0.098 0.098 0.01%
Io 0.04− 0.8 0.410 [0.420, 0.759] [2.3%, 46%]
Eur. 0.015 3.211 3.246 1%
Gan. 0.067 19.967 21.298 6%
Cal. 0.067 203.076 213.029 4.7%
Titan 0.067 191.943 202.295 5.1%
0.589± 0.075 (*) [316.013, 389.487] [35.6%, 56.6%]
Table 3: Effect of elastic deformations on the free period of Enceladus, the Galilean satellites,
and Titan, considered as solid bodies uniformly precessing. k2 are the estimates of the Love
numbers for solid moons, except for (*), which is the measured value for Titan. Tf and T
el
f are
the free periods for rigid and elastic moons, respectively, while ∆Tf = (T
el
f − Tf )/T elf is relative
difference of these free periods.
Since the k2 of other satellites is at least two orders of magnitude larger than for Enceladus
(see Eq. (27) and Table 3), the effect of elastic deformations on the free period is expected to
be larger for the other satellites as well, as shown in Table 3. The increase of the free period for
the Galilean satellites ranges from 1% (Europa) to 46% (Io with a low viscosity astenosphere).
Baland et al. (2012) showed that for Io in the rigid case, there was a slight resonant amplification
of the fifth term of the solution which corresponds to a forcing period of −0.68 years. With a low
viscosity astenosphere, the free period can get very close to the forcing period (T elf is between
0.42 and 0.76 years, see Table 3). This would lead to a larger obliquity than predicted in Baland
et al. (2012). For Europa, Ganymede, and Callisto, using theoretical k2 values corresponding
to a solid case, as done in Table 3, may lead to underestimate the effect of elasticity on the
spin precession, since these satellites likely harbor an internal global ocean. As shown here for
Enceladus, the effect of elasticity is about two orders of magnitude larger if an ocean is present
in the interior, as it leads to larger tidal deformations. The same applies to Titan.
The constant obliquity of a solid and rigid Titan for a uniform precession is of 0.12◦, which
is inconsistent with the measured value of 0.32◦ ± 0.02◦ (Bills and Nimmo, 2008; Baland et al.,
2011). If we assume that Titan precesses as a solid body but deforms elastically according to
the measured k2 = 0.589 ± 0.075, which is an order of magnitude larger than the theoretical
estimate for a solid Titan, we find a free period about 45% larger than the rigid one. This brings
the free period closer to the forcing period (−703.51 years) than with the solid k2, leading to
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a more important resonant amplification of the obliquity which is now in the range [0.26, 0.40]
degrees and is consistent with the observed rotation state of Stiles et al. (2008, 2010). Baland
et al. (2011, 2014) explained the measured obliquity by a resonant amplification of the solution
for a Titan with an internal ocean and rigid solid layers. However, the appropriate resonant
amplification was met for only a very few density profiles among the whole range of density
profiles considered. The preliminary results presented here indicate that more density profiles
would meet the appropriate resonant amplification, which would influence the interpretation of
the measured obliquity of Titan in terms of internal structure of Baland et al. (2014). The
chosen values for the rigidity of the solid layers (especially for the ice shell) would also influence
the constraints placed on the interior.
5 Conclusions
We have developed a new model for the multi-frequency Cassini state of a synchronous satellite
which harbors an internal global ocean and deforms elastically. The model takes into account the
external torque exerted by Saturn on each layer of the satellite and the internal gravitational
and pressure torques induced by the presence of the liquid layer. We applied the model to
Enceladus, which is known for its strong heat flux, possibly caused by obliquity tides, according
to Tyler (2009, 2011). We found that, for Enceladus with a subsurface ocean, the surface has a
maximal obliquity of 4.0 × 10−4 degrees, taking into account the nonuniform precession of the
orbit.
This upper limit is smaller than the previous estimate by Chen and Nimmo (2011) and, un-
fortunately, than Tyler’s requirement (0.05◦−0.1◦). Therefore, the strong heat flux of Enceladus
is more likely the result of another process, for example the eccentricity tides. The upper limit is
also well below the achievable accuracy of Cassini images. Therefore, control point calculations
will not have enough sensitivity to measure the obliquity of Enceladus, let alone to constrain its
interior from an obliquity measurement.
Although this study concludes with a negative result concerning Enceladus, it opens inter-
esting perspectives for other satellites like the Galilean satellites and Titan. Larger satellites
with larger tidal Love numbers will be more affected than Enceladus by the effect of elastic
deformations. For instance, the rotation state of Io can be strongly affected if its astenosphere is
of low-viscosity, while the ocean of Europa, Ganymede, Callisto, and Titan would lead to large
elastic deformations with a significant impact on the rotation state. This could alter the predic-
tion of Baland et al. (2012) for the obliquity of the Galilean satellites, and the interpretation of
the measured obliquity of Titan in terms of internal structure of Baland et al. (2014). Studying
the combined effect of elasticity and of an internal ocean on the spin precession of the Galilean
satellites and of Titan was beyond the scope of the present study, but will be an important
question to address in the future. The case of Titan is a very important one, since both its
obliquity and tidal Love number have been measured and are larger than usually expected.
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A Angular momentum equation for a solid elastic Enceladus
We here provide a demonstration of Eq. (10) for the angular momentum equation governing the
spin precession of an elastic solid satellite. We extend the demonstration given in appendix A
of Baland et al. (2012) for a rigid solid satellite.
A.1 Time-variable gravity field
The external degree-two gravitational potential of Enceladus V l=2, exerted at a radial distance
r, colatitude ϕ, and longitude λ, is the result of deformations induced by the tidal and centrifugal
degree-two potentials Vt and Vc:
V l=2(r, ϕ, λ)
= −GMe
r
(
R
r
)2 2∑
m=0
(C2m cosmλ+ S2m sinmλ)P
m
2 (cosϕ)
= kf
(
R
r
)3
(V statt (R,ϕ, λ) + V
stat
c (R,ϕ, λ))
+k2
(
R
r
)3
(V perit (R,ϕ, λ) + V
peri
c (R,ϕ, λ)), (73)
where Me and R are the mass and the mean radius of Enceladus, G is the universal gravitational
constant, C2m and S2m are second-degree gravity field coefficients, kf is the fluid Love number
and k2 is the tidal Love number, P
m
2 is the Legendre function of degree two and order m. The
tidal and centrifugal potentials have been divided into their static and periodic parts, which are
written, at first order in orbital eccentricity e, orbital inclination i, satellite equatorial plane
inclination with respect to the Laplace plane θ, and libration in longitude angle γ as:
V statt (r, ϕ, λ) = −qt
GMe
6R
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)2 [
P 02 (cosϕ)−
1
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P 22 (cosϕ) cos 2λ
]
, (74)
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)2
P 02 (cosϕ), (75)
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GMe
3R
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)2
(3e cosM)[
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P 02 (cosϕ) +
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P 22 (cosϕ) cos 2λ
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P 22 (cosϕ) sin 2λ
(4e sinM − 2γ)− P 12 (cosϕ) cosλ
{θ sin(ω +M + Ω− ψ)− i sin(ω +M)}] , (76)
V peric (r, ϕ, λ) = 2
γ˙
n
qr
GMe
3R
( r
R
)2
P 02 (cosϕ), (77)
with
qt = −3GMp
GMe
(
R
a
)3
and qr =
n2R3
GMe
. (78)
Mp is the mass of the planet Saturn, a is the semi-major axis of Enceladus, and n is the mean
motion of Enceladus. qt = −3qr because of Kepler’s third law (GMp = n2a3). Ω, ω, and M are
the longitude of the ascending node, the argument of pericenter, and the mean anomaly of the
satellite’s orbit with respect to the Laplace plane (the argument of the pericenter of the planet
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seen as in orbit around the satellite is then ω − pi). ψ is the ascending node longitude of the
equatorial plane of the satellite with respect to the Laplace plane (see Fig. 11). Note that we
have neglected the polar motion/wobble here. Therefore the spin vector of Enceladus is aligned
with the polar axis.
Figure 11: Orientation of the Body Frame of the satellite with respect to its orbital plane and
to its Laplace plane, from Baland et al. (2012).
Using Eq. (73), the gravity coefficients are given, at first order in e, i, θ and γ, by
C20 = kf
(−2qr + qt
6
)
− 3
2
k2 e qr cosM − 2
3
k2qr
γ˙
n
, (79)
C22 = −kf qt
12
+
3
4
k2 e qr cosM, (80)
S22 = k2qr(e sinM − γ/2), (81)
C21 = k2qr[i sin (ω +M)− θ sin (ω +M + Ω− ψ)], (82)
S21 = 0. (83)
The non static terms in Eqs. (79)-(83) represent the elastic tidal bulge which can be divided
into in three components (radial, librational, and obliquity) having fixed directions with respect
to the static bulge, but time-varying amplitudes (see Fig.12). The terms proportional to e in
C20 and C22 are due to the radial eccentricity tides, while the term proportional to γ˙ in C20
is due to the librations changing the rotation rate in the centrifugal potential. These terms
form the “radial bulge”, which is aligned with the static bulge. The term proportional to e
in S22 corresponds to the “eccentricity librational tidal bulge”, which differs by 45
◦ from the
orientation of the static bulge, in the equatorial plane. This eccentricity librational bulge is
counteracted by a term proportional to γ, and they can be together called “librational tides”.
The term proportional to i and θ in C21 corresponds to the “obliquity tidal bulge”, which differs
by 45◦ from the orientation of the static bulge, in the plane defined by the moments of inertia
A and C. In the Cassini state, it is often assumed that ψ = Ω and that θ − i = ε, where ε is
the obliquity (see e.g. Tyler, 2011 or Appendix C of Beuthe, 2013). Here we chose not to make
these approximations directly, because they make sense only posteriori, once the solution of the
angular momentum averaged over the orbital period has been obtained, and for a satellite with
a uniform orbital precession (see Henrard, 2005 and Section 2.3).
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Figure 12: Orientation of the periodic bulges with respect to the static bulge, seen from the
equatorial plane (defined by the A and B axes) and from the plane defined by the shortest and
largest axes of the satellite (the A and C axes). The radial, librational and obliquity bulges vary
in amplitude over time.
A.2 External Torque
With the inertia tensor of the solid Enceladus defined as
I¯ =
 A −F −E−F B −D
−E −D C
 , (84)
the expression of the torque in the frame attached to the mean principal axes of inertia of the
satellite (Body Frame) is (adapted from Murray and Dermott 1999, Eqs 5.43-5.45):
~ΓBF =
3n2a3
d5
 (C −B)Y Z −D(Y 2 − Z2)− EXY + F XZ(A− C)ZX +DXY + E(X2 − Z2)− F Y Z
(B −A)XY −DXZ + E Y Z − F (X2 − Y 2)
 , (85)
with d the distance between the satellite and the planet, and (X,Y, Z) the position of the planet
in the Body Frame in Cartesian coordinates.
The moments of inertia are related to the time-varying coefficients Clm and Slm of the
gravitational potential of the satellite in the following way:
C −A = MeR2(−C20 + 2C22), (86)
C −B = MeR2(−C20 − 2C22), (87)
B −A = 4MeR2C22, (88)
D = −MeR2S21, (89)
E = −MeR2C21, (90)
F = 2MeR
2S22, (91)
where Clm and Slm can be replaced by Eqs. (79)-(83). The diagonal moments of inertia A <
B < C have non zero mean values (A¯, B¯, C¯), while the off-diagonal elements E and F vary
periodically in time about zero. D = 0 since S21 = 0.
The coordinates of the planet can be expressed as XY
Z
 = Rz(φ).Rx(θ).Rz(ψ − Ω).Rx(−i).Rz(−ω + pi − f)
 d0
0
 , (92)
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with f the true anomaly of the satellite and the rotation matrices defined as
Rx(θ) =
 1 0 00 cos θ sin θ
0 − sin θ cos θ
 andRz(θ) =
 cos θ sin θ 0− sin θ cos θ 0
0 0 1
 . (93)
Correct up to the first order in orbital eccentricity e,
f ' M + 2e sinM, (94)
d ' a− a e cosM. (95)
Because of the synchronicity of the rotation with the orbital revolution, the Euler angle φ '
−ψ+ Ω +ω− pi+M + γ (e.g. Peale 1969), correct up to the first order in the small angles i, θ,
and γ. Therefore, we have that
~ΓBF ' 3n2 0[(C¯ − A¯)− k2qrMeR2] [i sin (ω +M)− θ sin (ω +M + Ω− ψ)][
(B¯ − A¯)− k2qrMeR2
]
(2e sinM − γ)
 . (96)
At first order, the effect of elastic deformations on the torque is solely due to the off-diagonal
elements of the inertia tensor E and F . The effect of the time variations of the diagonal elements
is only a second-order effect. See also Van Hoolst et al. (2013) for a shorter demonstration for the
z-component only, and Coyette et al. (2016) for a similar demonstration taking into account a
possible polar motion neglected here. The effect of elastic deformations results in a multiplication
of the parts of (C¯ − A¯) and (B¯ − A¯) related to the static tidal potential by
(
kf−k2
kf
)
:
(B¯ − A¯)− k2qrMeR2 = (B¯ − A¯)t
(
kf − k2
kf
)
, (97)
(C¯ − A¯)− k2MeqrR2 = (C¯ − A¯)c + (C¯ − A¯)t
(
kf − k2
kf
)
. (98)
In other words, the effect of the periodic part of the tidal potential is to counteract the effect
of the static part, through the librational and obliquity tides arising in the coefficients S22 and
C21, respectively. The torque for the rigid case, to be used in Eq. (2), can obtained by setting
k2 = 0 in Eq. (96).
The bars over the static part of the principal moment of inertia are now omitted for simplicity.
The periodic part of a moment of inertia will be preceded by δ to make the distinction with
respect to the static values. For instance, C and E will be now denoted C + δC and δE,
respectively, where C is the static polar moment of inertia and δC and δE are inertia increments
due to the tidal and centrifugal elastic deformations. The expression for δC is obtained from
Eqs. (79)-(80), Eqs. (86)-(88), and the conservation of the mean moment of inertia under tidal
deformations, while δE is obtained from Eqs. (82) and (90):
δC = MeR
2k2 e qr cosM + k2
4R5n
9G
γ˙, (99)
δE = −MeR2k2qr[i sin (ω +M)− θ sin (ω +M + Ω− ψ)]. (100)
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A.3 Angular momentum equation
The angular momentum equation can be written in an inertial frame, which is here taken to
be a reference frame attached to the Laplace plane and centered at the center of mass of the
satellite, as
d~LIN
dt
= ~ΓIN , (101)
with ~LIN the angular momentum of the satellite and ~ΓIN the torque exerted on the satellite
by the planet. To analytically study the spin precession, which is a long term-behavior, it is
convenient to average this equation over the short orbital/diurnal period.
The angular momentum in the inertial frame is obtained from the angular momentum in the
BF thanks to the appropriate rotations
~LIN = Rz(−ψ).Rx(−θ).Rz(−φ).~LBF . (102)
Neglecting wobble, and at first order, the angular momentum in the BF for the elastic case
writes
~LBF =
 −δE n0
C (n+ γ˙) + δC n
 , (103)
where the spin precession rate ψ˙ has been neglected in front of n and where γ˙ is dominated by
the derivative of the diurnal librations (γ˙ ∝ cosM). Using Eqs. (99)-(100) for δC and δE and
averaging over the orbital period, Eq. (102) becomes
~LIN '
 nC θ sinψ − n2k2MeR2qr(θ sinψ − i sin Ω)−nC θ cosψ − n2k2MeR2qr(−θ cosψ + i cos Ω)
nC
 (104)
' nC sˆ− n
2
k2MeR
2qr(sˆ− nˆ). (105)
with sˆ = (sx, sy, sz) and nˆ = (nx, ny, nz), the unit vectors along the spin axis and the normal to
the orbit, expressed in the inertial frame:
(sx, sy) ' (θ cos (ψ − pi/2), θ sin (ψ − pi/2)), (106)
(nx, ny) ' (i cos (Ω− pi/2), i sin (Ω− pi/2)). (107)
~LIN is only influenced by the obliquity tides (δE), since cosM = 0 (and so δC = 0) on average
over an orbital period.
The torque (96) is expressed in the inertial frame thanks to the appropriate rotations (the
same as in Eq. (102)) and is averaged over the orbital period with the slowly varying ω, Ω, and
ψ held constant:
~ΓIN '
 32n2 ((C −A)− k2MeR2qr) (i cos Ω− θ cosψ)3
2n
2
(
(C −A)− k2MeR2qr
)
(i sin Ω− θ sinψ)
0
 (108)
=
3
2
n2{(C −A)− k2MeR2qr}(sˆ ∧ nˆ). (109)
With the angular momentum (105) and the torque (109), the angular momentum equation
(101) becomes
nC
dsˆ
dt
− n
2
k2MeR
2qr
(
dsˆ
dt
− dnˆ
dt
)
=
3
2
n2
{
(C −A)− k2MeR2qr
}
(sˆ ∧ nˆ), (110)
which is equivalent to Eq. (10).
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B Internal torque between two rigid layers separated by a liquid
ocean
We here provide a demonstration of Eq. (32) for the strength of the internal gravitational torque,
corrected for the pressure effect, between the rigid ice shell and the rigid interior separated by
an internal liquid ocean. This demonstration aims to correct Eq. (30) of Baland et al. (2011)
which has been used later in Baland et al. (2012) and Baland et al. (2014).
Figure 13: Euler rotation angles between the shell and the interior Body Frames, denoted
(X,Y,Z) and (x,y,z), respectively. This figure is reproduced from Szeto and Xu (1997). Note
that here, ε is the inclination between the two BFs, not to be confounded with ε, the constant
obliquity of a solid and rigid moon defined in Section 2 of the present paper.
First, we forget the presence of the ocean, and we just consider the torque exerted by the
shell on the interior. In Fig. 1 of Szeto and Xu (1997), reproduced here in Fig. 13, the x axis
(A-axis of the interior) and the X axis (A-axis of the shell) are about in the same direction,
because of synchronous rotation. Therefore, the sum of Euler angles µ + ν = 0 (note that µ is
counted from the X axis), and the transformation matrix from the interior to the shell (Eq. (6)
of Szeto and Xu 1997) reads:
Min 7→sh = Rz(−µ).Rx(−ε).Rz(−ν). (111)
Using angles definition similar as in Fig. 12, the subscripts sh and in corresponding to the solid
shell and interior, the transformation matrix can be expressed in another way:
Min7→sh = Rz(φsh).Rx(θsh).Rz(ψsh − ψin).Rx(−θin).Rz(−φin)
=
 l1 l2 l3m1 m2 m3
n1 n2 n3
 =
 1 l2 l3−l2 1 m3
−l3 −m3 1
 , (112)
with
l2 = γsh − γin, (113)
l3 = θin sin (M − ψin + ω + Ω)− θsh sin (M − ψsh + ω + Ω), (114)
m3 = θin cos (M − ψin + ω + Ω)− θsh cos (M − ψsh + ω + Ω). (115)
The components of the internal torque of the shell on the interior ~Γint can be computed from
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Eq. (7) of Szeto and Xu (1997):
ΓXint =
4piG
5
{(Cin −Bin)ρsh(2αsh − 2αo − βsh + βo)
[θin cos (M − ψin + ω + Ω)− θsh cos (M − ψsh + ω + Ω)]} , (116)
ΓYint =
4piG
5
{−(Cin −Ain)ρsh(2αsh − 2αo + βsh − βo)
[θin sin (M − ψin + ω + Ω)− θsh sin (M − ψsh + ω + Ω)])} , (117)
ΓZint =
4piG
5
(Bin −Ain)ρsh(βsh − βo) sin 2(γsh − γin), (118)
with Ain < Bin < Cin the principal moments of inertia of the interior, αsh and βsh the polar
and equatorial flattenings of the shell, and αo and βo the polar and equatorial flattenings of the
ocean.
~Γint is then transformed into the inertial frame with the following rotations
Rz(−ψin).Rx(−θin).Rz(−φin), and averaged over the orbital period, to give:
~ΓINint = −
8piG
5
MR2
[−Cin20ρsh(αsh − αo) + Cin22ρsh(βsh − βo)] (sˆsh ∧ sˆin). (119)
sˆsh and sˆin are the unit vectors along the spin axis of the shell and of the interior, defined
similarly as sˆ in the solid case. The factors Cin20 and C
in
22 represent the inertia of the interior,
resisting to the gravity of the shell represented by the factors ρsh(αsh − αo) and ρsh(βsh − βo).
Equation (119) is easy to extend to the case with an ocean and to correct for the pressure
torque. The top part of the ocean, which is aligned with the shell, also exerts a gravitational
torque on the interior, and the “shell factors” have to be extended to the top ocean. The bottom
ocean, which is aligned with the interior, exerts a pressure torque on the interior, which can be
understood as a transfer to the interior of the gravitational torque exerted on the bottom ocean
by the shell and the top ocean. Therefore, the “interior factors” have to be extended to the
bottom ocean. We obtain
~ΓINint = Kn(sˆsh ∧ sˆin)
K = −8piG
5n
MeR
2
[
−(Cin20 + Cb,o20 )[ρsh(αsh − αo) + ρoαo]
+(Cin22 + C
b,o
22 )[ρsh(βsh − βo) + ρoβo]
]
. (120)
The last equation is equivalent to Eq. (32).
In Baland et al. (2011), we made the additional but incorrect assumption that µ = −pi/2
and ν = pi/2, based on the incorrect intuition that the B axes of the solid layers have to be
exactly aligned with each other in the Cassini state. However, the layers are rotating and µ and
ν do not have a fixed value. Applied to Enceladus, this error would lead to overestimate the
numerical value of K by a factor 2. We show in Section 3.6.3 that the shell/interior obliquity
is smaller/larger than the obliquity of a solid Enceladus. Therefore, it is understandable that
such an overestimation of the internal coupling strength would lead to bring the obliquity of the
solid layers closer to each other, that is to say to overestimate/underestimate the shell/interior
obliquity by about 20% for Enceladus. This error has consequences on the predictions made in
Baland et al. (2012) for the obliquity of the Galilean satellites. For instance, the range for the
shell obliquity of Europa has in fact to be lower than the range [0.033◦,0.044◦] given in Table 6
of Baland et al. (2012). For Titan, this error has lead Baland et al. (2014) to underestimate
the free period T+ by about 25%, and to conclude that it was smaller than the main period of
the orbital precession, while it can be smaller or larger. As a result, they found fewer density
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profiles with the appropriate resonant amplification to account for the measured obliquity than
with the corrected model (233 profiles instead of 1979, out of the 905 014 profiles considered at
the beginning). However, these 1979 profiles are generally similar to the 233 profiles found in
the first place, and the conclusions drawn for the constraints on Titan’s interior are not much
affected. For instance, considering also the information brought by the measured Love number
k2 (see seventh column of Table 4 in Baland et al., 2014), we now obtain a normalized mean
moment of inertia between 0.30 and 0.33 (instead of 0.31 and 0.32, respectively). This range is
still lower than the expected hydrostatic value (0.34).
C Additional internal torques between two elastic layers sepa-
rated by a liquid ocean
We here provide a demonstration of Eqs. (38)-(39) for the strengths Kpi and Kps of the inter-
nal gravitational torque, corrected for the pressure effect, between the static bulge of the ice
shell/interior and the periodic tidal obliquity bulge of the interior/ice shell. This demonstration
consists in an extension of the computation presented in Szeto and Xu (1997) for the torque
exerted by the external rigid ellipsoidal shell on the rigid interior.
C.1 Gravitational potential in the cavity created by the shell
Replacing equation (4) of Szeto and Xu (1997), deformation from a sphere of any interface
between two layers reads
r = Rj
(
1− 2
3
αjR20 − 2
3
δαradj R20 −
2
3
δαoblj R21 +
1
6
βjR
cos
22
+
1
6
δβradj R
cos
22 +
1
6
δβlibj R
sin
22
)
, (121)
where Rj is the mean radius of the interface and
R20 =
1
2
(−1 + 3 cos2 ϕ) , (122)
R21 = −3
2
sin 2ϕ cosλ, (123)
Rcos22 = 3 sin
2 ϕ cos 2λ, (124)
Rsin22 = 3 sin
2 ϕ sin 2λ, (125)
with the colatitude and longitude denoted by ϕ and λ, respectively. The polar and equatorial
flattenings associated with the static bulge are denoted by αj and βj . The periodic flattenings
associated with the periodic tidal bulges of fixed orientations and varying amplitudes (see Ap-
pendix A for the definition of the different kinds of bulge) are denoted by δαradj and δβ
rad
j for
the radial bulge, by δβlibj for the librational bulge, and by δα
obl
j for the obliquity bulge. The use
of δ indicates that these periodic flattenings are an order smaller in the small quantities e, γ,
and i and θ than the static flattenings.
Since the periodic tidal bulges are an order smaller in e, γ, and i and θ than the static
bulges, we can neglect the small misalignment between the different layers when computing the
additional elastic torques. We also neglect the torques between the small radial bulges and
the small librational and obliquity bulges, to keep only “static-periodic” torques. The periodic
radial flattenings can therefore be neglected, and Eq. (121) can be simplified to
r = Rj
(
1− 2
3
αjR20 − 2
3
δαoblj R21 +
1
6
βjR
cos
22 +
1
6
δβlibj R
sin
22
)
. (126)
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The gravitational potential in the cavity created by the shell, Φ, is expressed by Eq. (A2) of
Szeto and Xu (1997), in function of some integrals denoted In,m defined by their equation (A3).
Using equation (126) of the present paper instead of equation (4) of Szeto and Xu (1997), in
their equations (A2-A3), we find
Φ = φ20r
2R20 + δφ
obl
21 r
2R21 + φ22r
2Rcos22 + δφ
lib
22r
2Rsin22 , (127)
with
φ20 = −8piG
15
ρsh(αsh − αo), (128)
δφobl21 = −
8piG
15
ρsh(δα
obl
sh − δαoblo ), (129)
φ22 =
2piG
15
ρsh(βsh − βo), (130)
δφlib22 =
2piG
15
ρsh(δβ
lib
sh − δβlibo ). (131)
The coefficients δφobl21 and δφ
lib
22 depend on the periodic flattenings δα
obl
j and δβ
lib
j of a layer
j, due to obliquity and librational tides. Using Eq. (126), these flattenings can be related to the
radial displacements of the outer surface of the layer due to obliquity and librational tides, as
ξoblj =
−2
3
Rjδα
obl
j R21, (132)
ξlibj =
1
6
Rjδβ
lib
j R
sin
22 . (133)
The radial displacements ξoblj and ξ
lib
j can also be defined in terms of the radial tidal displacement
yj at radius Rj , calculated for a tidal potential with degree-two component equal to −1 m2/s2
at the surface:
ξoblj = −yjV oblt (R), (134)
ξlibj = −yjV libt (R), (135)
where V oblt (R) and V
lib
t (R) are the part of the tidal potential (76) inducing the obliquity and
librational bulges evaluated at R, respectively:
V oblt (R) = n
2R2[θj sin(ω +M + Ω− ψj)− i sin(ω +M)−]R21, (136)
V libt (R) = −n2R2(e sinM − γj/2)Rsin22 . (137)
Therefore
δαoblj =
3
2
yj
Rj
n2R2[θj sin(ω +M + Ω− ψj)− i sin(ω +M)], (138)
δβlibj = 6
yj
Rj
n2R2(e sinM − γj/2), (139)
and
δφobl21 = −
4piG
5
n2R2ρsh
[
ysh
R
− yo
Ro
]
[θsh sin(ω +M + Ω− ψsh)− i sin(ω +M)], (140)
δφlib22 =
4piG
5
n2R2ρsh
[
ysh
R
− yo
Ro
]
(e sinM − γsh/2). (141)
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C.2 Additional torques on the interior
Since we neglect the effect of radial periodic bulges, we only need to consider for the interior the
principal moments of inertia Ain, Bin and Cin, representing the static bulge, and the additional
moments of inertia δEin and δFin, representing the obliquity and librational periodic bulges of
the interior. They are defined similarly as in the solid case (86-91) by:
(Cin −Ain) = MeR2(−Cin20 + 2Cin22), (142)
(Cin −Bin) = MeR2(−Cin20 − 2Cin22), (143)
(Bin −Ain) = 4MeR2Cin22, (144)
δEin = −MeR2Cin21, (145)
δFin = 2MeR
2Sin22. (146)
The additional torque (an extension of Eq (7) of Szeto and Xu, 1997) is:
δ~Γint = 3φ20
 −n1n2δEin + n1n3δFin(n21 − n23)δEin − n2n3δFin
n2n3δEin + (−n21 + n22)δFin

+6φ22
 (−l1l2 +m1m2)δEin + (l1l3 −m1m3)δFin(l21 − l23 −m21 +m23)δEin + (−l2l3 +m2m3)δFin
(l2l3 −m2m3)δEin + (−l21 + l22 +m21 −m22)δFin

+6δφlib22
 (l3m2 + l2m3)(Cin −Bin)−(l3m1 + l1m3)(Cin −Ain)
(l2m1 + l1m2)(Bin −Ain)

+3δφobl21
 −(l3n2 + l2n3)(Cin −Bin)(l3n1 + l1n3)(Cin −Ain)
−(l2n1 + l1n2)(Bin −Ain)
 , (147)
with li,mi and ni the components of the transformation matrix from the interior to the shell
defined by Eq. (112). Using Eqs. (113)-(115), the additional torque becomes
δ~Γint =
 0−3δEin(φ20 − 2φ22) + 3(Cin −Ain)δφobl21
−12φ22δFin + 6δφlib22(Bin −Ain)
 . (148)
The z component of δ~Γint is the part of the additional torque that induce longitudinal
librations (see Eq. (B13) of Van Hoolst et al., 2013) and the y-component is implicated in the
spin precession. The first part of the y component is for the torque of the static bulge of the
shell on the periodic bulges of the interior (first two lines in Eq. (147)) and the second part
is for the torque of the periodic bulges on the static bulge of the interior (last two lines in Eq.
(147)).
Now this torque has to be transformed into the inertial frame with the following rotations
Rz(−ψin).Rx(−θin).Rz(−φin), and averaged over the orbital period, to give:
δ~ΓINint =
3
2
kin2 MR
2qr(φ20 − 2φ22)(nˆ ∧ sˆin)
+
6piG
5
n2R2ρsh
[
ysh
R
− yo
Ro
]
(Cin −Ain)(nˆ ∧ sˆsh), (149)
where the effects of librational tides disappear during the averaging, only leaving the effect of
the obliquity tides.
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In the libration study (Van Hoolst et al., 2013), the additional elastic torques were not
due, at first order, to misalignment between layers. The librations angle of a layer γj appeared
in the torques only because γj modulates the amplitudes of the librational bulge of layer j.
Similarly, the spin inclination of a given layer θj appears only (through sˆj) because of its role
in the modulation of the amplitude of the obliquity bulge of layer j. Neglecting misalignment
between layers, the obliquity bulge of a layer is symmetric with respect to the (C,A) plane of
the layer, and misaligned by pi/4 with respect to the static bulge. Therefore the torque between
the periodic bulge of layer j and the static bulge of the other solid layer is perpendicular to the
(C,A) plane, which is equivalent, at first order to the plane defined by the vectors nˆ and sˆj .
Equation (149) for the additional elastic torques can be extended to the ocean and pressure
effects, just as for Eq. (120) for the rigid internal torque:
δ~ΓINint = nKpi(nˆ ∧ sˆin) + nKps(nˆ ∧ sˆsh), (150)
Kpi =
3
2n
(kin2 + k
o,b
2 )MR
2qr(φ20 − 2φ22 + φo,t20 − 2φo,t22 ), (151)
Kps =
6piG
5
nR2
[
ρsh
(
ysh
R
− yo
Ro
)
+ ρo
yo
Ro
]
[(Cin −Ain) + (Co,b −Ao,b)]. (152)
This completes the demonstration of Eqs. (38)-(39).
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